We investigate mechanical resonators based on stable Meissner levitation of ferromagnetic microparticles in a cylindrical type-I superconducting trap, and explore the possibility of achieving ultrahigh mechanical quality factors. We are able to detect 5 out of 6 rigid-body mechanical modes, with frequencies in the range 1-400 Hz, using a conventional dc SQUID (Superconducting Quantum Interference Device) with a single pick up coil. The measured frequencies are in substantial agreement with a finite element simulation based on ideal Meissner effect. For two specific modes we find further substantial agreement with analytical predictions based on the image method. We measure damping times exceeding 10 4 s and quality factors Q beyond 10 7 which are close to the highest ever measured at low frequencies below 1 kHz. We investigate the possible residual loss mechanisms besides gas collisions, and argue that much longer damping time can be achieved with further effort and optimization. Finally, we discuss a number of applications, including ultrasensitive force and acceleration sensing, magnetometry, fundamental and quantum physics experiments.
Levitated nano/microparticles provide a flexible platform for a wide spectrum of studies, which include cavity optomechanics [1] [2] [3] , feedback-cooling techniques [4] [5] [6] , nonlinear dynamics [7] , nonequilibrium thermodynamics [8] , ultrasensitive force sensing [9, 10] and tests of wavefunction collapse models [11] [12] [13] .
Besides flexibility and tunability of mechanical parameters, a particularly attractive feature of levitated systems is the absence of clamping losses, which are usually a limiting factor in conventional mechanical systems. As a consequence, very low levels of dissipation and decoherence are potentially achievable [14] . Levitation by optical gradient forces is certainly the most popular and developed technique [15] . In spite of remarkable recent results and very high flexibility, optical levitation suffers from relatively high internal temperature, which ultimately leads to thermal noise and decoherence [16] .
This suggests that different levitation methods, such as Paul traps [11, 12, 17] , or magnetic traps [13, [18] [19] [20] could outperform optical levitation in fields in which a low noise level is required, such as force/acceleration sensors or mechanical platforms with ultralow quantum decoherence.
In particular, a new field named quantum magnetomechanics has been envisioned, based on the exploitation of passive magnetic traps and the use of superconducting quantum devices to measure and control the motion on levitated microparticles at very low temperature [16] . This technology would allow testing quantum mechanics in currently inaccessible regimes [21] as well as ultrasensitive force and inertial sensing [19, 22] .
In this paper we experimentally demonstrate a simple and effective method to magnetically levitate, trap and * Electronic address: a.vinante@soton.ac.uk † Electronic address: h.ulbricht@soton.ac.uk detect individual ferromagnetic microparticles in a type I superconducting trap. We employ hard neodymium alloy ferromagnetic microspheres and a cylindrical lead trap, together with a simple SQUID-based detection. We perform a mechanical characterization at T = 4.2 K at pressures down to 10 −5 mbar, measuring quality factors in excess of 10 7 and damping time in excess of 10 4 s. We experimentally investigate the limiting dissipation mechanisms and discuss a number of possible applications, including ultrasensitive force sensing, gravimetry, magnetometry and fundamental and quantum physics experiments.
I. EXPERIMENTAL SETUP AND MODE IDENTIFICATION
The trap consists of a cylindrical well inside a 99.95%purity Pb block (Figs. 1a and 1b) with 4 mm diameter and 4 mm depth. The Meissner surface currents induced by the magnetic particle, combined with gravity, provide the vertical confinement, while the lateral surface provides the horizontal one. No special loading procedure is implemented. The magnetic particle is individually manipulated at room temperature and placed at the bottom of the trap before cooling down. Upon cooldown, Meissner repulsion alone is sufficient to overcome electrical surface interaction and levitate the particle. We have checked this behaviour for particle radii down to ∼ 30 µm.
We have experimentally demonstrated stable trapping for a variety of spherical and cylindrical magnetic particles with characteristic size in the range 30 − 1000 µm.
Here, we will focus on the smallest particle we have levitated, a microsphere made of a neodymium-based alloy [23] with radius R = (27 ± 1) µm ( Fig. 1c ), determined by optical microscope inspection. The microsphere has been fully magnetized in a 10 T NMR magnet prior to the experiment, with an expected saturated magnetization µ 0 M ≈ 0.7 T.
We detect the motion of the particle using a commercial dc SQUID from Quantum Design connected through a single pick-up coil placed above the levitated particle ( Fig. 1a ). The motion along a given degree of freedom induces a change of the magnetic flux Φ in the pickup coil produced by the permanent magnetic dipole µ of the particle. As the pick-up coil connected to the SQUID input coil constitutes a superconducting loop of inductance L, this results in a current I and a flux Φ S = M I = (M/L) Φ into the SQUID, with M the mutual inductance between SQUID and input coil. The pick-up coil consists of 6 loops of NbTi wire, wound around a cylindrical PVC holder with radius 1.5 mm, coaxial with the trap. The SQUID is enclosed in a separate superconducting shield. The NbTi wires connecting the SQUID input coil and the pick-up coil are pairtwisted and shielded by a lead tube. We can drive the microparticle by means of a second NbTi coil wound on the same pick-up coil holder, connected to an external resistive line.
Trap and SQUID are enclosed in a indium-sealed vacuum chamber which can be dipped in a standard helium transport dewar. A rough mechanical isolation is obtained by hanging the dewar from the laboratory ceiling through a silicone tube. This reduces seismic noise in the bandwidth 1-20 Hz by more than 1 order of magnitude. A cryoperm shield reduces the earth field by a factor of about 10 at the lead trap location, in order to avoid possible spurious field penetration. After evacuat-ing the chamber at room temperature, 1 mbar of helium exchange gas is added for thermalization and pumped out after cooldown. We monitor the pressure in the vacuum chamber with a Pirani-Penning gauge placed at room temperature. Pressure data is corrected for the gas composition by assuming that the gas is pure helium. Fig. 2 shows a typical SQUID spectrum at low and high pressure. Five modes related with the microsphere rigid body motion have been identified, as described below. Other peaks and structures are due to seismic and acoustic noise. We can distinguish the levitated particle modes from spurious peaks thanks to the high quality factor Q and its characteristic dependence on pressure, as discussed below.
To identify the observed peaks with specific translational and rotational modes of the microparticle, we need a reliable modeling of the system. We parameterize the motion of the particle with the center of mass coordinates x, y, z, the librational angle β and the azimuthal angle α defined by the permanent magnetic moment µ, and the rotation angle γ around µ (Fig. 1b) . The origin is chosen at the center of the bottom surface of the trap. For ideal Meissner effect and trap axis aligned with the gravitational field (i.e. with no tilt), the equilibrium position corresponds to x 0 , y 0 , β 0 = 0 and a finite equilibrium height z 0 depending on the equilibrium between Meissner repulsion and gravity. There will be no confinement in the α and γ angle, so we would expect to detect only 4 modes. In a real implementation any finite tilt with respect to the Earth gravitational field shifts the horizontal equilibrium position off center, breaking the rotational symmetry around α, and shifting all frequencies. A trapped α mode will then show up, leading to 5 detectable modes. Because of symmetry breaking all 5 modes are expected to show some finite coupling to the pick-up coil.
In the following, we will mostly focus on two specific modes, namely the z and the β ones. Remarkably, the frequency of these modes can be analytically predicted with reasonable accuracy, as a straightforward application of the image method [24, 25] . This is because the dynamics of these modes depends almost exclusively on the interaction of the microsphere with the bottom surface, as long as the equilibrium height z 0 is much smaller than the trap radius. Therefore, the resonance frequency is expected to depend very little on the trap tilt. Indeed, we do observe two modes with relatively stable frequency at (56.5 ± 0.1) Hz and (377 ± 5) Hz, while the other 3 modes show frequency variations up to 50% upon tilting the experimental setup by a few degrees.
According to the image method [24, 25] , the potential energy of a permanent magnet with magnetic moment µ and mass m, placed above an horizontal infinite superconducting plane, is given by:
Upon minimization one finds that the equilibrium position is achieved at β = β 0 = 0, i.e. with the magnet positioned horizontally, and z = z 0 , with:
The angular resonance frequencies of the z and β modes are then easily calculated as ω z = k z /m and ω β = k β /I, where I is the moment of inertia and k z ,k β are the spring constants:
Assuming our particle is a homogeneous sphere, the moment of inertia is I = 2 5 mR 2 and we finally obtain:
Interestingly, both frequencies can be written as the square root of the ratio of g with an effective length, as in a simple pendulum. Furthermore, by multiplying Eq. (5) with Eq. (6) we derive the following remarkable relation:
which provides the microsphere radius R as a function of the two frequencies, independent of mass density and magnetization.
Plugging the experimental values of the two stable frequencies into Eq. (7), we obtain a radius R = (30.1 ± 0.5) µm, which is 10% higher than the radius R = (27 ± 1) µm measured by optical inspection. Further use of Eqs. (5, 6) allows identification of the zmode at ω z /2π = (56.5 ± 0.1) Hz and the β-mode at ω β /2π = (377 ± 5) Hz. The resonance frequencies are correctly reproduced by using the values ρ = 7430 kg/m 3 for the mass density and µ 0 M = 0.71 T for the magnetization, which are consistent with the values provided by the manufacturer. The derived equilibrium height z 0 = 311 µm is much smaller than the hole radius, which validates the assumption of infinite plane.
A finite element analysis is required to account for the full dynamics and to predict the frequency of all modes. Results from a full 5D finite element simulation of our system based on FEniCS software [26] are shown in Appendix 1. The simulation provides the equilibrium position and the resonant frequencies of all 5 modes, as a function of a finite tilt θ up to 3 degrees applied along the x-axis. The mode frequencies are in reasonable agreement with the experimental results by assuming a tilt of about 3 degrees. In particular, the z and β mode are in substantial agreement with the image method estimation, and show indeed a weak dependence on the tilt, in contrast with the other modes. The low frequencies peaks in the spectrum (Fig. 2) at about 4 and 10 Hz are identified as the y and x mode. The remaining peak is identified as the α mode. For the latter, a somewhat larger discrepancy between experiment and simulation is observed, with a predicted value of ∼ 100 Hz and measured value of about ∼ 150 Hz.
The simulation also provides an estimation of the equilibrium values of the 5 independent variables. Assuming the tilt along the x axis, the equilibrium configuration is (x, y, z, β, α) ≈ (x 0 , 0, z 0 , 0, π/2), with z 0 in agreement within 10% with the image method estimation and x 0 which is strongly dependent on the tilt.
II. CHARACTERIZATION OF MECHANICAL MODES
We measure the amplitude decay time τ of a given mode at frequency f = ω/2π by means of standard ringdown measurements. The mode is selectively excited at large amplitude by sending a current signal into the excitation coil, and the ringdown is acquired by a lock-in amplifier with reference tuned on the resonance frequency. τ is inferred from an exponential fit of the amplitude versus time. The quality factor is calculated as Q = πf τ . At the lowest measured pressures P ∼ 10 −5 mbar, τ is of the order of several hours and the measurement becomes very difficult, due to the interplay between environmental vibrational noise and the onset of nonlinearities which restrict the available linear dynamic range. Nevertheless, we could perform reliable ringdown measurements of the β mode at all pressures, and of the z mode at almost all pressures. As first example, we show in Fig. 3a a ringdown measurement of the β mode at nominal pressure P = 5.7 × 10 −5 mbar, featuring a decay time τ = 1.13 × 10 4 s and a quality factor Q = 1.34 × 10 7 . The ringdown is exponential and does not feature significant damping nonlinearities. Instead, we observe a clear spring softening effect, appearing as a negative frequency shift proportional to the square amplitude, as shown in Fig. 3b . This behaviour is entirely expected, as the trapping potential is intrinsically nonlinear. Based on the analytical potential derived from the image method, we can calculate explicitly the expected frequency shift as a function of the angular amplitude (see Appendix 2 for details). This provides an indicative calibration of the absolute value of the angular motion. The absolute motion for the ringdown of the β mode in Fig. 3a corresponds to a range β = 3 − 20 × 10 −3 rad, while the typical amplitude of the undriven mode after the exponential ringdown corresponds to about 10 −5 rad. This is comparable with the mean thermal motion, which can be estimated as β th = k B T /k β ≈ 6 × 10 −6 rad, suggesting that the β mode is close to a thermal noise limited regime.
In Figs. 4a and 4b we show a similar ringdown and frequency shift measurement of the mode z. The ringdown is acquired at nominal pressure P = 1.0 × 10 −4 mbar, and shows a decay time τ = 1.17 × 10 4 s and a quality factor Q = 2.1 × 10 6 . The frequency shift measurement shows a behaviour similar to the β mode, proportional to the square of the oscillation amplitude. Using the expected frequency shift from the image method, we find that the the absolute motion in the ringdown measurement corresponds to a range z = 10 − 20 µm, while the typical amplitude of the undriven mode corresponds to about 0.2 µm. In contrast with the β mode, the motion of the undriven mode is much larger than the expected mean thermal motion z th = k B T /k z ≈ 0.7 nm. This suggests that the z mode is dominated by excess environmental disturbance, likely seismic noise. A further mechanical isolation by at least 3 orders of magnitude would be needed to suppress excess noise well below the thermal noise. Let us discuss the behaviour of damping as a function of the gas pressure. For high pressure, P > 10 −4 mbar, we find very similar τ for all 5 modes, regardless of frequency. This is in agreement with standard gas damping models, which predict for translational and rotational (amplitude) damping in molecular regime the following expressions [27, 28] :
where P is the gas pressure, v th = 8k B T /πm g the mean velocity of the gas molecules, with m g gas molecular mass, and ρ and R density and radius of the microsphere. The two expressions are indeed frequencyindependent, depend linearly on pressure and differ from each other by ∼ 10%.
Subsequently, we have measured τ for the z and β modes at several pressures. The data is shown in Fig. 5 . In order to compare the data with the gas damping model, we have to identify the pressure P in Eqs. (8, 9) with the pressure P c of the gas in the cold side of the vacuum chamber at T c = 4.2 K, where the microparticle is levitated. In general, P c differs from the nominal pressure P w measured by the pressure gauge at the warm side (room) temperature T w , due to the so called thermomolecular effect [29] . This phenomenon was studied in detail for the case of helium gas between 4 K and 300 K by Weber and Schmidt [30, 31] and interpolating formulae are reported in Ref. [29] . In Fig. 5 the pressure on the x-axis is the cold pressure P c obtained from the Weber-Schmidt model by specifying the measured warm pressure P w and the inner radius r = 0.97 cm of the stainless steel tube which connects the cold chamber to the warm gauge pressure. In the limit of low pressure, the thermomolecular pressure ratio scales as P c /P w = (T c /T w ) 1 2 and becomes independent of geometric factors.
The data for both the β mode and the z modes in Fig. 5 are fitted by a second-order polynomial fit significantly better then by a linear fit. We attribute the deviation from the expected linear behaviour to an imperfect estimation of P c . The Weber-Schmidt formulae are obtained for ideal cylindrical connecting tubes, but in our experiment this is a crude approximation, due to the presence of the wiring inside the tube. However, as the low pressure limit of Weber-Schmidt formulae is independent of form factors of the connecting tube, we expect Eqs. (8, 9) to be valid in this limit. Indeed, the linear terms obtained from the fits are respectively (5.6 ± 0.3) s −1 /mbar for the β mode and (6.2 ± 0.5) s −1 /mbar for the z mode. These estimations are in good agreement with the theoretical predictions 5.35 s −1 /mbar and 5.96 s −1 /mbar obtained from Eqs. (8, 9) , using the measured values of R and the nominal density of the material ρ = 7430 kg/m 3 provided by the manufacturer. The agreement provides an indirect support to the Weber-Schmidt model. A notable feature of the gas damping model which is reproduced by the experiment is the ratio of translational to rotational damping of the order of 1.1.
For the β mode the intercept of the fit 1/τ β0 = (4.3 ± 0.2) × 10 −5 s −1 corresponds to a quality factor Q = 2.7 × 10 7 at vanishing gas pressure. For the z mode the intercept of the fit 1/τ z0 = (−5 ± 6) × 10 −6 s −1 is instead compatible with zero. This suggests that the residual damping time of the z mode is longer than 1 day, while the Q factor may be of the same order of that of the β mode at some 10 7 .
III. DISCUSSION
While higher quality factors have been reported in several systems, both in optically levitated nanoparticles and in clamped ultrastressed membranes, values exceeding 10 7 are not easily obtained. At frequency below 1 kHz, comparable or higher Q factors are observed only in much more massive systems, such as the pendulums employed by gravitational wave detectors, where dissipation dilution is pushed to the extreme limits [32] . Compared to previous attempts of magnetically levitating a ferromagnetic particle above a superconductor [19, 20] we obtain quality factors 3 orders of magnitude higher.
The comparison between β mode and z mode suggests that when the pressure is reduced towards 0 the dissipation moves from a gas damping regime, where the damp- ing 1/τ is independent of frequency, to a regime in which 1/τ grows with frequency. This may correspond for instance to a loss angle 1/Q either constant or increasing with frequency. Under this regime the modes at low frequency should then achieve a Q of the order of 10 7 or higher. For a mode at 3 − 4 Hz, as the y mode in the present experiment, this would translate to a damping time τ ≈ 1 month.
Besides the obvious damping related with the gas, which can be in principle reduced to negligible levels by operating at lower pressure and temperature, we still need to discuss the origin of the residual dissipation, which is apparent at least in the β mode data. We consider magnetic and eddy current losses in the ferromagnetic sphere and losses in the superconductor as possible options.
Estimations of the first two sources are reported in Appendix 3. For our particle, the order of magnitude of eddy current losses is Q ≈ 10 10 , so we can reasonably rule them out as the dominant effect. On the other hand magnetic hysteresis losses in the ferromagnetic particle could give the right order of magnitude, assuming a magnetic susceptibility with imaginary part of order 10 −3 .
A hint on the limiting loss mechanism could be given by the dependence of the Q factor on the microparticle size. We have performed additional measurements on a second similar particle with radius a = 39 µm finding a residual Q = 6×10 6 for the β mode. Other measurements performed with a different type of magnetic particle, such as cylinders with size larger of 200×400 µm have shown Q factors below 10 6 . The general trend is therefore towards an improvement of Q by lowering the particle size. As shown in Appendix 3, magnetic losses in the particle are in principle consistent with this picture.
Finally let us consider possible effects arising from nonidealities in the superconducting lead trap. Under ideal Meissner effect we do not expect significant losses from the superconductor, due to oscillation frequency being many orders of magnitude smaller than the superconducting gap frequency [22] . However, it is notoriously difficult to observe ideal Meissner effect in real type-I superconducting samples [33] . Flux penetration and mixed states can arise even in very pure lead polycrystalline samples. Normal metal regions arising from partial field penetration may in principle cause additional eddy current dissipation [20] .
In order to investigate a possible role of flux penetration in our experiment, we have performed additional measurements by applying an external field to the lead trap during the superconducting transition. The field is applied through a superconducting coil placed outside the lead trap. Flux penetration appears as a shift of the z and β modes with respect to the typical values obtained in absence of applied field. We find that flux penetration shows up at fields down to 50 µT, much lower than the nominal critical field of lead H c = 80 mT, and comparable with the Earth magnetic field. The amount of flux penetration and frequency shift is not reproducible upon thermal cycling of the superconductor. For large frequency shifts, above 20%, we also observe a strong increase of dissipation, up to 2-3 orders of magnitude. This finding indicates that a strong attenuation of any external field is crucial to achieve high Q. In our experiment the magnetic shielding reduces the Earth field to the level of a few µT. This is one order of magnitude lower than the field necessary to cause significant flux penetration, indicating that residual losses due to flux penetration are likely negligible in the current setup.
An interesting conclusion is that our experimental technique can be used to probe deviations from the ideal Meissner effect in a macroscopic sample of a type I superconductor, and to assess the conditions under which ideal Meissner effect can effectively show up.
IV. OUTLOOK AND POSSIBLE APPLICATIONS
In this section we discuss a number of possible applications of magnetically levitated ferromagnetic microparticles with ultralow damping.
The most direct use is as ultrasensitive force sensors. For a thermal noise limited operation in the low pressure limit at T = 4.2 K, the microparticle described in this work would feature a force noise spectral density S f = 4k B T mω 0 /Q ≈ 1 aN/ √ Hz for the z mode, assuming a frequency independent residual Q of 3 × 10 7 . For a very low frequency mode at 1 Hz and operation at 100 mK the noise would drop to 0.03 aN/ √ Hz. These figures can be currently achieved only with much smaller masses, such as carbon nanotubes [34] or optically lev-itated nanoparticles [9] with diameter below 100 nm. However, if the force to be measured scales with size of the particle, such as in the case of gravitational or magnetic forces, the signal to noise ratio for our magnetic microparticle would be dramatically better.
Potential use as subresonant wideband gravimeter can be considered. Indeed, for operation at T = 4.2 K and a lowest mode at 1 Hz with Q = 3 × 10 7 , we estimate a thermal noise limited acceleration noise of 3 × 10 −10 m/s 2 / √ Hz, which would be competitive with the best known gravimeters [35] despite the much smaller size. Due to the compactness of our setup, an attractive possibility is the realization of gravity gradiometers composed of several pairs of identical trapped particles [36] . A specific design optimized to suppress frequency drifts will be needed to realize practical devices. Moreover, feedback cooling of all normal modes is technically required to avoid nonlinear effects.
Levitated ferromagnetic particles have been recently proposed as ultrasensitive magnetometers [37] . We can use our particle to detect ultralow magnetic fields by exploiting the sensitivity of rotational modes to small torques. For the β mode at the thermal noise limit we estimate a torque noise √ S T = 7 × 10 −23 Nm/ √ Hz. If we consider a B field along the z axis applied around the resonance frequency ω β , the modulus of the torque will be T = µB which implies a magnetic field spectral density S B ≈ 1.1 × 10 −15 T/ √ Hz. This figure is comparable with the best known SQUID-based [38] or atomic [39] magnetometers with characteristic size of several mm. Therefore, despite being sensitive only on a narrow band around resonance, our levitated particle appears to even outperform existing state-of-the-art magnetometers in terms of field resolution normalized over the sensed magnetic field volume. This feature suggests a possible use to probe exotic spin-dependent interactions of electrons [37] or to look for exotic interactions mediated by axion-like particles [40] .
Other applications can be envisioned in the context of fundamental and quantum physics. Ultralow damping 1/τ and temperature are key ingredients to perform strong noninterferometric tests of wavefunction collapse models [41, 42] . Our fully passive levitation technique offers the unique option of combining ultralow damping with the operation at very low temperature. Ultralow damping alone can be used to set significant bounds on so called dissipative extensions of collapse models [12] . Another possible development is to spin the particle to high speed in a free rotational mode. A fast spinning conductive particle could be used to probe Zeldovich superradiance [43] , an effect fully equivalent to the Penrose process of particle creation in a rotating black hole.
Finally, we mention the potential use of ultraisolated magnetically levitated particles for even more ambitious experiments, such as measuring the gravitational constant G with small test masses [44] , fundamental direct tests of the quantum superposition principle and gravitationally induced collapse [21] , gravity-induced entangle-ment and tabletop tests of quantum gravity [45, 46] . 
